Abstract: Necessary conditions for the exponential stability of one delay linear systems expressed in terms of the Lyapunov matrix of the system are proved. The effectiveness of the proposed conditions is shown in illustrative examples.
INTRODUCTION
The approach of Lyapunov-Krasovskii functionals for the stability analysis of time delay systems, developed in Krasovskii (1956) , provides fundamental results concerning the existence of the functional when the system is stable. For the linear case, the form of the functional which appeared first in Repin (1965) and Datko (1972) , was established in the contributions of Infante and Castelan (1978) , Huang (1989) , where a cubic lower bound was found, and Louisell (1998) , where substantial advances were presented. During the past decade, in Kharitonov and Zhabko (2003) , Kharitonov (2006) fundamental concepts were clarified and extended to the cases of distributed and neutral type delay systems: the Lyapunov matrix function is obtained as the solution of the dynamic, symmetric and algebraic properties that play the role of the Lyapunov equation; the existence and uniqueness of its solution provided a spectrum Lyapunov like condition is satisfied is established in Kharitonov and Plischke (2006) . This lead to the presentation of a functional, named of complete type, having a quadratic lower bound when the system is exponentially stable.
Having in mind the delay free case, where a stability test in terms of the positivity of the Lyapunov matrix through the Sylvester criteria is available, the above approach was employed in the past few years to prove a number of stability results. Conditions establishing, for the one delay scalar equation, the coincidence of the well known stability region with Lyapunov function conditions were recently obtained in Mondié (2012) . Instability conditions were determined in for retarded, neutral type and distributed delay systems. Finally, necessary conditions in terms of the Lyapunov matrix are reported in Mondié and Egorov (2011) for the case of single delay systems. These conditions are significantly conservative when matrix  1 is singular, as shown in the examples of section 4. The fact that this situation often arise in control, as in the problem  Supported by Conacyt, Mexico grant 61076. of delayed output feedback, or in the proportional delayed control of systems studied respectively in Mendez-Barrios et al. (2008) and Villafuerte and Mondié (2010) , is a strong motivation for looking for better suited conditions for this case.
In this contribution, we analyze the stability of linear time delay systems of the form
The organization of the paper is as follows: stability results on Lyapunov Krasovskii functionals with prescribed derivative for one delay systems, are recalled in section 2. The main contribution of the paper, necessary conditions that depend on the Lyapunov matrix, is proved in section 3. In section 4, nontrivial illustrative examples and comparison with known exact stability regions and with the conditions obtained in Mondié and Egorov (2011) show the reduction of conservatism, specially in cases where  1 is singular. The contribution ends with some concluding remarks.
Notation: the Euclidian norm for vectors is denoted kk.
For a given initial condition () in the set of piecewise functions defined on the interval 
LYAPUNOV FRAMEWORK
System (1) is said to be exponentially stable if there exist constants  ≥ 1 and   0 such that for every initial is constant, see Neimark (1949) , the necessary stability conditions must hold in the whole region. Nevertheless, a natural query is how close these conditions are to possible sufficient conditions. In Example 8, although  1 is singular, the shaded regions coincide with the proved stability region in Mendez-Barrios et al. (2008) , for conditions (21-22) and conditions in Mondié and Egorov (2011) . In Example 9, it appears that the conditions (21-22) , which match the stability region, outperform the conditions in Mondié and Egorov (2011) . Finally, in Example 10, the conditions (21-22) improve the upper estimate of the stability region obtained with conditions in Mondié and Egorov (2011) , yet the shaded region does not match the known stability region, hence we conclude that these conditions are not sufficient.
Further improvement may be achieved by employing the more complex initial condition with
The steps of the proof presented in this contribution lead to the new necessary conditions (21) and
with
For these conditions, the estimate of the stability regions for Example 10 is still improved as shown on Figure 6 , but they are not possibly sufficient either. 
CONCLUDING REMARKS
In this contribution, we show that the necessary stability conditions (21-22) for linear one delay systems with  1 nonsingular expressed in terms of the Lyapunov matrix of the system are also valid in the case of singular matrix  1 . It is also shown with an example that the obtained conditions are not sufficient. Nevertheless, these necessary conditions allow the detection of candidate stability regions when the imaginary axis crossing boundaries are known.
